Abstract. By means of the method of majorant series, sufficient conditions are obtained for the existence of analytic solutions of a functional differential equation with proportional delays.
Introduction
Functional differential equations with proportional delays have been studied to some extent by many authors. In particular, in [3, 6] , asymptotic behaviors of solutions of the equation y (x) = ay(λx) + by(x), are discussed. In [4] , the exponential order of the solutions of the equation y (z) = Ay(z) + By(λz) + Cy (ηz) is discussed. In [5] , the well-posededness of the equation
is discussed. In [1] , Ifantis discusses the existence of analytic solutions of linear homogeneous functional differential equation
α n (z)f (q n z) = 0.
In this note, we will obtain sufficient conditions for the existence of analytic solutions of the following equation
under the initial conditions More specifically, we will show that analytic solutions of (1)- (2) exist when φ i , ψ nj , g are analytic in a neighborhood of the origin, or, when g ≡ 0 and z i φ i , z i ψ nj are analytic in a neighborhood of the origin.
Main results
For the sake of convenience, the generalized factorial function h [n] (z) will be employed: h [0] (z) = 1 and
Note that when k, n are nonnegative integers such that k ≥ n, 
for |z| < γ, and
Then the initial value problem (1)-(2) has a unique analytic solution in the region defined by |z| < γ.
Proof. We will seek an analytic solution of (1) in the form
which satisfies the initial conditions (2) , that is,
Substituting (3) into (1), we see that {f m } ∞ m=0 is formally determined by the difference equation
for m ≥ 0. In order to show that f (z) is an analytic solution, we pick an arbitrary number τ in (0, γ). By Cauchy's inequality, there exists a positive number M such that
. . , T, we may pick a positive integer
Define a majorant sequence {S m } ∞ m=0 of the sequence {f m } ∞ m=0 as follows: for 0 ≤ t ≤ N, let B 0 , . . . , B N be arbitrary positive numbers which
and we let S t = B t for 0 ≤ t ≤ N ; and for t > N, we define S t recursively by
It is not difficult to see that the sequence {S m } defined above is positive and majorizes the sequence {f m }, that is, |f m | ≤ S m for m ≥ 0. We assert further that
To this end, note that for m > N,
Then by straightforward calculations, we obtain
for all large m, and that lim sup
By taking superior limits on both sides of (4), we see that
Since the radius of convergence of the power series S 0 +S 1 z+S 2 z 2 +. . . is τ and since τ is an arbitrary number in (0, γ), hence f (z) is analytic for |z| < γ. The proof is complete.
We have found analytic solutions for equation (1) 
. , T. Suppose further that (5) and (6) hold and each power series in the right hand sides of (5) and (6) converges for |z| < γ. If d is a root of the "indicial equation"
which satisfies I(m + d) = 0 for all m ≥ 1, then equation (1) has a solution of the form
which is analytic for |z| < γ.
Proof. By substituting (5), (6) and (7) into equation (1), we see that I(d)f 0 = 0, and
for m ≥ 1. Pick any number τ ∈ (0, γ). By Cauchy's inequality, there exists a positive number M such that 
By induction, it is easy to see that {S m } is a positive sequence and |f m | ≤ S m for m ≥ 0. Moreover,
As in the proof of Theorem 1, it is then easy to show that
Since the radius of convergence of the power series S 0 + S 1 z + S 2 z 2 + . . . is τ and since τ is an arbitrary number in (0, γ), hence f (z) is analytic for |z| < γ. Hence f (z) is analytic for |z| < γ. The proof is complete.
Examples
We first consider the initial value problem 
which has been considered in [2] and [3] . Here we will assume that
is analytic for |z| < γ. By Theorem 1, our problem has a unique solution of the form
which is analytic for |z| < γ. To find this solution, we substitute f (z) into (8) and find the difference equation
Since this equation is of the form
we easily see that
Next, we consider the equation we will show that (10)-(11) has a unique solution of the form
which is analytic for |x| < γ and
Indeed, Theorem 1 asserts that (10)-(11) has a unique solution of the form
which is analytic for |x| < γ. Substituting f (x) into (10), we obtain
, m ≥ 0, as required. Note that
Since |p n | ≤ µ < 1 for n ≥ 1, if we let
as m → ∞. Thus for every ε > 0, there exists a positive integer N such that
Since lim s→γ − g(x) = +∞, we can also find a positive number δ such that 
